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duce in radiative corrections. Detailed statements of the conditions under which the ETC exist have
been provided, as have precise statements of the relation between the latter and the divergences. A

more complete derivation will be given elsewhere.
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The actual calculations in this ease require generalization of the conditions given in the quadratic case for the
asymptotic behavior of the gt(")(s). The relevant behavior of the SRt is k (-p2/k2)" in this case. It is amusing
that in some of our models, including algebra of fields (with Yang-Mills ETC), JRi has terms k (v2/k2) which
cancel parts of 5K2, exemplifying the possibility of nonkinematieal structures of the type we have discussed.

MISUSES OF THE FINITE-ENERGY SUM RULES*

Jeffrey E. Mandula and Richard C. Slansky
California Institute of Technology, Pasadena, California

(Received 22 April 1968)

It is shown that any model in which the scattering amplitude is given by finitely spaced
trajectories of direct-channel resonances does not yield Regge asymptotic behavior in

the direct channel. Several difficulties associated with the use of Regge asymptotic be-
havior at low values of the energy through the finite-energy sum rules are noted.

(I) The finite-energy sum rules (FESR),'~' or
generalized superconvergence relations, relate a
finite integral of the imaginary part of a scatter-
ing amplitude to the crossed-channel Regge poles
controlling the high-energy scattering. The
FESR are easily derived from the superconver-
gence of A (t, s)-Q;8;(t, s), the amplitude minus

the necessary number of leading Regge trajecto-
ries. The zeroth-moment sum rule for the scat-
tering of equal-mass scalar particles is

f ds' Im—A(t, s') =QP. (t)ss, , nt(t) + 1
7r l

Certain factors have been absorbed into Pt(t).
The absolute value of the difference of the two
sides of Eq. (1) goes to zero in the limit s- ~.

Note that for t ~0 the integral traverses part of
the s-channel physical region.

In practice the FESR are used in two distinct
ways. For very large s they are used to deter-
mine the parameters of a representation for
ImA(t, s) (other than the Regge representation),
which is assumed to be valid over the entire
range of integration. For values of s currently
accessible experimentally, they are used to ob-
tain information about the Regge parameters
from the low-energy data.

The most obvious and simple parametrization
of ImA(t, s') when s is large is a sum of direct-
channel poles. Such a model is particularly at-
tractive if the Regge trajectories rise indefinite-
ly, since one can then identify the Regge poles
with the direct-channel resonances, and the
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FESR become "bootstrap" equations. ' In this
"high-energy resonance model" s is assumed to
be arbitrarily large, and so the FESR are a.rbi-
trarily accurate. The FESR are sufficiently pow-
erful so that they may be used to check the inter-
nal consistency of the model, i.e. , whether a
sum of direct-channel resonances can give Regge
asymptotic behavior.

In a rising-trajectory model the FESR are inte-
gral equations for the Regge residue functions
(or coupled equations in a non-self-conjugate
bootstrap). In Sec. II we show that these equa-
tions have no solutions, so long as there exists
a nonzero minimum spacing between the trajecto-
ries. Thus the FESR imply that rising-trajecto-
ry models of the direct-channel singularities
cannot give Regge asymptotic behavior in that
channel, and so the use of the FESR to determine
parameters in such models is inconsistent.

In Sec. III we discuss applications of the FESR
where the value of s is assumed small enough
that ImA(f, s') can be evaluated directly from the
experimental data. It is usually assumed that the
Regge sum is reasonably accurately paramet-
rized in terms of the experimentally established
trajectories. However, with this prescription
there are cases where the FESR are badly violat-
ed experimentally and conclusions based on the
FESR are not valid. We discuss the B ' ampli-
tude of pion-nucleon scattering as an example.

(II). A sad theorem. —In this section we use the
FESR to show that finitely spaced Regge trajecto-
ries of resonances do not yield Regge asymptotic
behavior. We will first prove this result in a
trivial model with a single trajectory, and then
describe how the argument generalizes to arbi-
trary two-body scattering with any number of fi-
nitely spaced trajectories.

The example is a model of the elastic scatter-
ing of two identical self-conjugate spin-zero bo-
sons. The dynamical assumptions are that in any
channel the amplitude is given as the sum of an
infinite number of narrow resonances which lie
on a single Regge trajectory, and that in any
channel the high-energy asymptotic behavior is
just the Regge asymptotic behavior resulting
from the same trajectory, but in the crossed
channel. The asymptotic behavior assumption is
expressed through the FESR, Eq. (1).

To use the FESR, we must evaluate the left-
hand side of Eq. (1). The s-variable discontinu-
ity produced by a single rising trajectory of res-
onances in the narrow resonance approximation

1s

[A(s', t)] =Q[2n(s )+1]P(s )5(s' —s )s n n n n

2txQ
n(s ) 4'-sss*)'

n
(2)

where sn is the (mass)2 of the nth resonance.
The same trajectory function occurs because we
have assumed a crossing-symmetric model, and

so the s- and t-channel Regge poles are the
same. The residue functions have been distin-
guished because P(s) should include the coupling
of inelastic channels to the Regge pole.

The FESR are supposed to become exact as s
—~, but in a narrow-resonance approximation
they obviously cannot, because the right-hand
side is a smooth function of s, while the left-
hand side is the sum of step functions. Within a
narrow-resonance approximation, Regge asymp-
totic behavior must apply to a smoothed-out amp-
litude, and we represent this by smearing out the
integrand on the left-hand side:

[A(s', t)] = [2n (s ') + 1]P(s')

xP, 1+ 2t
ss(s')( s'-4m*)' (3)

e ' P(s)I,[2n(s)(t/s)&]=P(t)s

For each value of t, the FESR, with the above
approximations, is an integral equation for the
residue function P(s). Because these equations
are just approximations to the FESR, we should
not demand that the functions P(s) which solve
them at each t be exactly the same, but only ap-
proximately so. We express this by requiring
that for each t the asymptotic s dependence of the
solution P (s) be the same, and so replace P(s') by
p(s')ep( 4 ) in Eq. (3); lp (s', t)l is bounded, but
otherwis e arbitrary.

Having built into the FESR the requirement
that the solutions be approximately consistent,
we shall show that they are not. The argument
depends only on the way that the s and t depen-
dence are separated on each side, and so we will
not hesitate to absorb into P(t) and P(s) functions
of t and s, respectively.

We examine the FESR asymptotically in s (keep-
ing s»t). Using the appropriate asymptotic
form of the Legendre function, we get
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The asymptotic s dependence of the Regge term
(the right-hand side) is t dependent, and so the
left-hand side must exhibit this property also.
This requires o. (s) to rise more quickly than Xs,
which allows us to use the asymptotic form of I,
to write Eq. (4) as

p(s, t) 2n (s)(t/s)"' - n(t)
(5)

Although we maintain t «s, we may take s so
large that t can also be in the asymptotic region,
where we must use the same functional form for
o.'(&) as for n(s). But there is no function n which
yields the same asymptotic behavior on both
sides of Eq. (5), and so the FESR cannot be sat-
isfied.

Although the argument has been presented for
a crossing-symmetric model with no spins and a
single trajectory, it is much more general. If
the s and t channels contain different kinds of
particles, there are two FESR's, one in each
channel. Exactly the same argument shows that
there are no trajectory functions es and nt which
allow both sides of both FESR's to have the same
asymptotic behavior. Unequal-mass kinematics
has no effect on the argument. It simply requires
the replacement of s' —4m' by 4q' in the argu-
ment of the Legendre function in Eq. (3). Since
4q grows like s' for large s', the same asymp-
totic form of the FESR, Eq. (4), obtains.

So long as there is a nonzero minimum spacing
between them, additional trajectories do not af-
fect the argument, since at any finite energy
both sides of the FESR are replaced with a finite
sum of terms, each characterized by its own tra-
jectory and residue functions. The asymptotic s
dependence of the right-hand side is still domi-
nated by the highest trajectory, because no finite
sum of slower growing contributions can equal
the fastest growing term. This trajectory must
grow more quickly than vs, and also dominate
the left-hand side of the FESR, if its asymptotic
s dependence is to be t dependent. Thus the
many-trajectory model is reduced to a one-tra-
jectory model, and the argument following Eq.
(5) applies.

Spins alter some details of the proof, but do
not affect its structure. When spins are present,
the argument may be applied to each of the in-
variant amplitudes separately. The trajectory
functions on each side of the FESR are modified
by the addition of a function (different on each
side) bounded by the total spin in the process.
This extra bounded function, which depends only

on the same variable as the trajectory function
to which it is added, cannot affect the asymptotic
dependence of the trajectory functions, and so
cannot modify the conclusion of the proof.

Thus Regge asymptotic behavior, as expressed
through the FESR, is incompatible with any mod-
el in which the scattering amplitude is given by
finitely spaced trajectories of direct-channel
resonances. The FESR cannot, then, be consis-
tently used to determine the parameters charac-
terizing such a model.

III. Regge behavior at low energy. —This sec-
tion is devoted to a brief discussion of the range
of validity of Regge asymptotic behavior. There
have been several recent attempts to use Regge
behavior at fairly small s through the FESR.
There are scant theoretical grounds for estimat-
ing the accuracy of the results, and one must
simply query the extant data.

If s is small enough, ImA(t, s') can be con-
structed from the experimental data, and the
FESR can then be used to relate this low-energy
data to the parameters in the sum over Regge
poles in Eq. (1). In practice, the leading trajec-
tories are identified by fitting high-energy exper-
iments. The experimental errors are large
enough so that the analyses warrant only a few
Regge poles, and this expression is used at these
low values of s.

The sum of crossed-channel Regge poles is an
asymptotic representation of the amplitude, and
although it may be sensible to retain only the
leading terms, it is certainly not obvious that
the right-hand side of Eq. (1) is well approximat-
ed by the leading Regge trajectories for low s.
For example, a Regge pole lying one unit below
the leading poles introduces a correction of or-
der 1/cos8t, in pion-nucleon scattering, this
correction is of order one, since the upper limit
on the phase-shift analyses is about 2-BeV lab
energy of the pion. Thus it is not obvious a prio-
ri that the prescription of extrapolating only the
experimentally established trajectories to low s
does not introduce a large error into the sum
rule.

In rN scattering, the sum rules for A. '+' and
B' ' are reasonably well satisfied, but the A'
and B ' sum rules are rather badly violated.
The B ' amplitude presents an amusing exam-
ple. As a function of s, the integral of the data
starts large and positive (the nucleon term), dips
to about two-thirds the original value [the 4(1238)],
then increases to a large positive number. The
P and P' residues are negative', so the Regge
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sum starts at zero and grows negative as a func-
tion of s. For s chosen not far above the b(1238),
Gatto' notes that the Regge term is small com-
pared with the nucleon or b(1238), and so he ne-
glects it. His sum rule is a superconvergence
relation for B with the integral cut off at s.
Thus it looks like a FESB except that the Regge
sum is set equal to zero. Experimentally, this
is much better than the FESR with just the I' and
I", although it is far from perfect if one uses
phase shifts' instead of the narrow-width reso-
nance approximation.

This example shows that the FESR are not uni-
versally valid, even at the upper limit of present
phase-shift analyses, and contains a lesson about
models for fitting the experimental data below
the Regge region. The criticism based on the
FESR against the interference model (the ampli-
tude parametrized as a sum of crossed-channel
Regge poles plus a sum of direct-channel reso-
nances) is valid only if the FESR are well satis-
fied. In fact, Gatto's sum rule suggests the in-
terference model as correct for the B' ampli-
tude. However, the accuracy of the FESR for
B with just the p trajectory would suggest the
Dolen-Horn-Schmid' prescription for paramet-
rizing the 8' ' amplitude. (They parametrize
the amplitude as a sum of the crossed-channel
Regge poles plus direct-channel resonances mi-
nus the average of the resonances. ) Neither pa-
rametrization is adequate to describe all of nN

scattering below the Regge region. Chiu and Stir-
ling' have already shown that the interference
model is inadequate. It is unwise to assume that
Regge asymptotic behavior is more accurate at
low energies when expressed in terms of the
FESR than when expressed directly in terms of
scattering amplitudes.
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Making use of a recent result obtained by Jackiw in the context of the renormalization
group we examine the question of whether there exists the possibility of obtaining finite
charge renormalization by means of an eigenvalue condition on the bare coupling con-
stant. It is shown that to sixth order in eo a cancellation of the divergences encoun-
tered in perturbation theory cannot occur.

Quantum electrodynamics has long enjoyed a
relatively privileged position in the study of rela-
tivistic field theories. Although this is in large
part a consequence of the impressive successes
which it has achieved in predicting experimental-
ly observable quantities, its usefulness has been
further enhanced by the fact that the divergences
of this theory are at least partially understood,
a circumstance which has suggested that it might
well be the most promising candidate for a com-

pletely finite field theory. In particular, the
freedom which one has available in the choice
of gauge is known to imply the possibility of elim-
inating the divergences in Z2 (the electron wave-
function renormalization) while the Ward identi-
ty implies Z, = &2 and the consequent finiteness
of the vertex renormalization in the same gauge.
In addition, the problem of the photon mass has
been shown to resolve itself provided that suffi-
cient care is taken to ensure the gauge invari-
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